Calculus Investigation 20
Using Implicit Differentiation

The Chain Rule is one of the most useful procedures in calculus. In this investigation and the next, we
will further explore the process of implicit differentiation introduced in the last investigation. We start by
developing another important specific derivative formula.

Consider the function y = f(x) = Vx, where n is a positive integer. Note that this relationship can

also be written
n

yr=x
Differentiate both sides of this equation with respect to the variable x.
d d
n _ —[v"] = —
y'=x = " =[]

dy
n-1,%Y _
= ny Ix
_ dy 1
dx nyn1

Problem 1. Use the laws of exponents to show that if y = V/x, then y™*~1 = x1-1/7,

Problem 2. Use Problem 1 and the laws of exponents to show that
d 1
— % — . 41/n-1
dx \/;] n x

A rational number is any ratio of integers. We can combine Problem 2 with the Chain Rule to
determine the derivative formula for any rational power function.

Let m be any nonzero integer, and let n be any positive integer. Consider the function

y = £(x) = xm/n = Y

if d
- wl v

d

u=xm dx

[x™] Letu = x™

— % (xm)l/n—l . (mxm—l)

_ M tn/n-m)+(m-1)
n

m
— _xm/n—l

n
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Calculus

Rational Power Formula

. . d -
If r is any nonzero rational number, then e [x"] = ra" 1.
X

Problem 3. If y = f(x) = 2x%/3 — 4x3/* + 3log, (x), then what is the value of f'(8)?

Implicit differentiation can be used to determine the instantaneous rate of change in one variable with
respect to another for curves, even when one of the related variables cannot be expressed as a function of
the other.

For example, consider the curve defined by the relation xy = 2 + y3. The diagram on the following
page shows the graph of this curve, along with the tangent line to the curve at the point (5,2).
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Problem 4. Estimate the slope of this tangent line.

Let’s see how we could use the Chain Rule to determine the exact slope of the tangent line in Problem
8.

Problem 5. Consider the expression xy = 2 + y3. Explain what is happening in each step below.

d
[xy] = —=[2+y°] What just happened?

3 d
xy=2+y = a I

m Ly = L2+ L4 What just happened?
x =y = ol at just happened?

dy , a4y
= xdx+y—0+3y dx

dy
= y=0y? —x)a

d
- ¥__ Y
dx 3y?—x

What just happened?

What just happened?

What just happened?

Pathways Through Calculus



Calculus Investigation 20
Using Implicit Differentiation

Problem 6. At the point (5,2) on the curve, we know that x = 5 and y = 2. Use this information and
your answer to Problem 10 to determine the exact value of the constant rate of change for the tangent line.

Problem 7. Consider the ellipse defined by the formula 4x2 + 9y? = 8. The graph of this ellipse is
shown below.

T A = e

2T

0]

02

R P R
02 04 0/6 08 10 12 I

o o 7 R o e P B P
1M -12 -10 -08 0.6 04 002

02+

04 1

- ,_0.6 -

=0-8

Part (a). Carefully sketch the graph of the tangent line to the graph of the ellipse at the point (1%) Use
your graph to estimate the slope of this tangent line.

Part (b). Find a formula for Z—i and use this formula to find the exact value of the constant rate of change
for the tangent line at this point.

Pathways Through Calculus 3



Calculus Investigation 20
Using Implicit Differentiation

Homework.
Problem 1. Differentiate the function h(x) = tan(log, (x)).
Problem 2. What is the second derivative of the function y = h(x) = In(cos(x))?

Problem 3. Differentiate the function y = f(x) = 3x%/3 4+ 2x7/2 + log, (x).

Problem 4. Differentiate the function y = f(x) = x7/8 + 5x%/5 4+ 10log, (x).

Problem 5. Consider the function y = f(x) = log,(x* — 3x + 4). Atwhat values of the input variable
x will the tangent line to this function be horizontal?

Problem 6. Consider the curve defined by the formula x2 + y? — 4xy = —3.
Part (a). Construct the formula for Z—i’.

Part (b). What is the formula for the line tangent to the graph of this curve at the point (4, 1)?

Problem 7. Consider the curve defined by the formula ysin(x) = 4xcos(y).
Part (a). Construct the formula for %.

Part (b). What is the instantaneous rate of change in the values of y with respect to the values of x at the
point (/2 , 2m)?

If a is any real number and b is any positive number, then we define the power expression b* by
he = ea-ln(b)

We make no attempt to define real powers of negative numbers.

Problem 8. Use the Chain Rule to establish the Real Power Formula:

e If aisareal number and x > 0, then the function y = f(x) = x% is differentiable; in particular,
we have f'(x) = a - x* 1,

The arcsine function 8 = f(y) = Arcsin(y) serves as a partial inverse function for the sine function y =
g(6) = sin(6). In particular, as long as — 2 < 6 < =, we have the relationship

y=sin(f) << 0 = Arcsin(y)

Likewise, the arctangent function @ = f(y) = Arctan(y) serves as a partial inverse function for the
tangent function y = g(a) = tan(a). In particular, as long as —g <a< % we have the relationship
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y=tan(a) < a = Arctan(y)

Problem 9. Use implicit differentiation and the relationship y = sin(8) and y = tan(a) to show that
2 [Arcsin)] = 22 = sec(0) 2 [Arctan(y)] = 2 = [cos(@)]?
dy resin(y)| = dy = Sec dy rctanl(y)] = dy = |Ccosa

Problem 10. The restriction placed on the angle measure 8 guarantees that the angle having measure 6 is
the vertex angle in a right triangle like the one shown below.

y Side Opposite &
y=sin(f) = ==
y & ® : Hypotenuse

6
=

Use this observation and the definition of the secant function to prove that

2 [Arcsin(y)] = —

—|Arcsin(y)| =

dy 1-— yz
Problem 11. Use the approach in Problem 10 to verify that

d
@ [Arctan(y)] = Tyz

You will need to construct a different triangle based on the right-triangle definition of the tangent
function.

Answers to the Homework.

Problem 1. We have

2
WGy = 2 U108 () x(llr‘l’és)(x))
Problem 2. We have
h'(x) = —tan(x) h"(x) = sec?(x)
Problem 3. We have
1
’ — -1/3 _ ,.—3/2
f'(x) =2x X + *In(8)
Problem 4. We have
fl(x) = Zx_l/8 +9x*/5 4 10
8 xIn(7)
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Problem 5. We have

oo 3x2-3
f1 = (x3 —3x + 4)In(3)
f(x) = = 3x2-3=0 = x=+1
Problem 6.
Part (a). We have
d
x?+y?—4xy=-3 = a[x2+y2—4xy] =—|3]
d d d d d
42 _— Tv2] — - J— = —
= 147 - 4 by + 1 - B]) = 3]
= 2x+2 dy 4 4 d =0
X ydx y xdx B

d
= 2x—4y=(4x—2y)%

x—2y dy
2x —y  dx

Part (b). At the point (4,1), we know the slope of the tangent line will be

dy _4-2(1) 2

dxlgy=any 24 -1 7
The formula for the tangent line will therefore be y = = (x — 4) + 1.

Problem 7.

Part (a). We have

ysin(x) = 4xcos(y) = :—x [ysin(x)] = ;—x[4xcos(y)]

= :—x [y] sin(x) + y;—x [sin(x)] = 4 (;_x [x] cos(y) + xj—x [cos(y)])

o\ dy o dy
= sin(x) I + ycos(x) = 4 cos(y) — xsin(y) I

= (sin(x) + 4xsin(y)) % = 4 cos(y) — ycos(x)

dy 4cos(y) — ycos(x)
dx  sin(x) + 4xsin(y)
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Part (b). What is the instantaneous rate of change in the values of y with respect to the values of x at the
point (/2 , 2m)?
4 cos(2m) — (27r)cos(7r/2)

(x,y)=(7r/2,2ﬂ) sin(t/2) + 4 ( ) sin(2m)

dy
dx

Problem 8. Observe

df _d d

E - [ a: ln(x)] eu]

a x*
[a-In(x)] = ™) . — = g-— = g - x*1
du x x

u=a-In(x) dx

Problem 9. Observe

_ d . d_ ~ do 1 de

y=sin(f) = o [y] = o [sin()] = 1= COS(Q)@ O
_ d ,_29 |- ,da 1 da
y =tan(a) = o [yl = o [tan(a)] = = [sec(a)] o = Tec@ — dy

Problem 10. We know that the secant function can be expressed as a ratio of sides in this triangle; in
particular, we know
Hypotenuse

Side Adjacent to ‘A el

sec(f) =

Problem 11. The right-triangle definition of the tangent function tells us that

—tan(@) = y _ Side Opposite a
v =tama 1 Side Adjacent to

Based on this information, the right triangle we should consider would be

1+y2

Using this triangle, it is easy to see that

Side Adjacent to a)z 1

[cos(@? = ( “T357

Hypotenuse
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