Calculus Investigation 8
Using Algebra to Foresee Derivative Formulas

In the previous investigation, we introduced the concept of the derivative function for a function y =
f(x) inaninterval I. The derivative function is the end result of a limiting process in which we imagine
average rate of change functions for f being constructed so that change in the output of f with respect to
x is being measured over ever smaller subintervals of I. In symbols, the derivative function is defined by

Y = lim ARC

7, ) = IM ARG, (x)
In the previous investigation, we found that visualizing this limiting process graphically can sometimes
give us insight into what the limiting derivative function might be. In this investigation, we will explore
how algebraic manipulation of the average rate of change functions can sometimes lead to a precise
formula.

Problem 1. Consider the function u = f(a) = a? inthe interval —oo < a < oo,

Part (a). Explain what is happening in each of the steps below.

fla+h) - f(a)

ARC),(a) = . Why?
_(a+h)?-a? Why?
= h y.
a® 4 2ah + h? — a?

= Why?

h
_ 2ah+h? Why?
= h y.

h(2a + h)
== Why?

=2a+h (Aslongash #0) Why?

Part (b). Explain why this algebraic manipulation allows us to conclude that % (a) = 2a.

Problem 2. Consider the function y = f(x) = v/2 in the interval —oo < x < oo. This function produces
the same output value for every input value and is therefore called a constant output function.

Part (a). Use algebraic manipulation to show that the average rate of change functions for the function f
are given by the formula r = ARC,(x) = 0 (aslongas h # 0).
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Part (b). What is the formula for the derivative function r = f'(x)? Explain your answer.

Problem 3. Consider the function p = f(t) = t™! in the interval (—, 0) U (0, o). (This function is
not defined when t = 0.)

Part (a). Complete the following derivation by filling in the missing algebra steps.

_f+n)-f®

r = ARC,,(¢t) = -
_(t+h)t =t
B h
[Fill this in]
1 t—(t+h)
" h t(t+h)
[Fill this in]
= ! Asl h+0
= T At (As long as )

Part (b). What is the formula for the derivative function r = Z—{ (t)? Explain your answer.

Problem 4. Consider the function y = f(x) = x3.
Part (a). Use algebra to show that the formula for the average of change function can be rewritten as

r = ARCy(x) = 3x% + 3xh + h? (Aslongas h # 0)
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Part (b). What is the formula for the derivative function r = f'(x)? Explain your answer.

Problem 6. Consider the function y = f(m) = v/m in the interval 0 < x < oo,

Part (a). Simplify the expression (vm + h —vm) - (Vm + h + +/m) as much as possible.

Part (b). Evaluate the limiting process }lin(l) . Explain your strategy.

m+h++Vm

Part (c). Explain what is going on in each step of the following derivation.

vm+h—+m
r = ARCh(m) = —h
vm+h—+m vm+h++m . , .
= . Why is this expression equal to the previous one?
h Vm+h++m

_(\/m+h—\/ﬁ)-(\/m+h+\/ﬁ)
B h-(Vm+ h ++m)

Why is this expression equal to the previous one?

h
=h-(\/m+h+\/ﬁ)

Why is this expression equal to the previous one?

1
=————— (Aslongash # 0) Why is this expression equal to the previous one?

(Vm+h +Vm)
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Part (d). What is the formula for the derivative function r = % (m)? Explain your answer.

Problem 7. Use algebraic manipulation on the average rate of change functions to determine the formula
for r = f'(p) if the function f is defined by s = f(p) = p? — 2p in the interval —co < p < oo.

Homework.
Problem 1. Consider the function y = f(x) = c in the interval —co < x < oo, where c is a fixed real

number. Use algebraic manipulation on the average rate of change functions to show that f'(x) = 0.

Problem 2. Consider the function y = f(t) = ct in the interval —co < t < oo, where c is a fixed real
number. Use algebraic manipulation on the average rate of change functions to show that f'(t) = c.
Problem 3. Consider the function z = f(q) = 49® — 3q + 5 in the interval —o < g < 0.

Part (a). Use algebraic manipulation to show that the average rate of change functions for f are given by
the formula

ARC,(q) =8q—3+4h (Aslongas h # 0)

Part (b). What does this tell you about the derivative function r = f'(q)?

Problem 4. Consider the function y = f(x) = (5x — 1)1 in the interval (—oo, 1/5) U (1/5,00).

Part (a). Use algebraic manipulation to show that the average rate of change functions for f are given by
the formula
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5

ARCp(x) = — (5x+5h—-1)(Gx—-1)

(Aslongas h # 0)

Part (b). What does this tell you about the derivative function r = f'(x)?

Problem 5. Consider the function t = f(w) = w2 in the interval (—o, 0) U (0, %). Use algebraic
manipulation on the average rate of change functions to show that

df W) = 2

dw T T wE

Problem 6. Consider the function v = g(z) = 3z2 — 2z + 4 in the interval —oo < z < . Use
algebraic manipulation on the average rate of change functions to determine the formula for the derivative
function r = g'(2).

Problem 7. Consider the function m = g(n) = (2n — 5)? in the interval —oo < n < . Use algebraic
manipulation on the average rate of change functions to determine the formula for the derivative function

)
= dn(n).

Answers to the Homework.

Problem 1. We begin by constructing and simplifying the average rate of change functions for f.
Observe

fx+h)—f(x) c—c
h ~h

ARCj (x) = =0 (Aslongash +0)

Now, based on this information, we may conclude

f'(x) = }llgréARCh(x) = }ll_r)% 0=0

Problem 2. We begin by constructing and simplifying the average rate of change functions for f.
Observe

ARC,(t) = fle+ h})l Q) = clt+ :) - = % =c (Aslongash # 0)

Now, based on this information, we may conclude

f') = Ll_r)réARCh(t) = }11_r)réc =c
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Problem 3.

Part (a). Observe

fla+h)-f(@

ARCy(g) = ———
_ [4(g +h)?—3(qg+h) +5] - [49° — 3q + 5]
B h
_ [4(¢* +2qh + h?) —3(q + h) + 5] — [4q® — 3q + 5]
B h
_ 8qh+4h*—3h
- h
=8q+4h—3 (Aslongas h # 0)

Part (b). Observe
f'(@) = lim ARCy, () = lim(8q + 4h —3) =8¢ -3

Problem 4. Consider the function y = f(x) = (5x — 1)~ in the interval (—oo, 1/5) U (1/5,00).
Part (a). Observe

f+h) - f)

ARCh(x) = h

G+ - - Gx -1
B h

1 1 1
" h [5x+5h—1_5x—1]

_1 1 S5x—1 1 Sx+5h—1
" h [5x+5h—1(5x—1)_5x—1(5x+5h—1)]

1 [5x—1-(5x+5h—1)
" h LGx+5h—1)(5x—1)

1 —5h
" h 5x+5h—1DGx—1)

5
- (5x+5h—-1)(5x—1) (Aslongash # 0)
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Part (b). Based on the formula from Part (a), we know

| | 5 5 5
100 = I ARen 0 =1 (e 51y ) = T G e DE D Gr—1)?

Problem 5. Observe that

e, ) = LR =10

_w+h)r-w?
B h

-+ ol

1 1 w? 1 /(w+ h)?
" h [(w + h)? <ﬁ> B F((W + h)2>]
1.-W2—(W+h)2

h | w2(w + h)? ]

1 [w? — (w? —2wh + h?)
h | w2(w + h)?

1 [ 2wh + h?
h |[w2(w + h)?2

h+ 2w

= —m (AS long ash + 0)

Now, based on this derivation, we can conclude that

£'(w) = lim

h—0

[ h+ 2w ] _ 2w 2
wiw+h) T w2ew?z o w3
Problem 6. Observe that

g9z +h) —g(2)

ARCh(Z) = h
_BE+h)?—2(z+h) +4] - [32% — 2z + 4]
B h
_ [32% + 6zh + 3h? — 22 — 2h + 4] — 32 — 2z + 4]
- h
_ 6zh— 2R + 3K
B h
=6z—2+3h (Aslongash # 0)
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Based on this derivation, we may now conclude that
g'(z)= }lirr&(6z —2+4+3h)=6z—-2

Problem 7. Consider the function m = g(n) = (2n — 5)? in the interval —oo < n < 0. Use algebraic
manipulation on the average rate of change functions to determine the formula for the derivative function

)
r= dn(n).

gn+h)—gn)

ARC,(zn) = A
_ @(n+h)-5)?-(2n-5)°
B h
_(2n+2h - 5)2 — (2n — 5)?
- h
_ [4n® + 8nh — 20n — 20h + 4h® + 25] — [4n® — 20n + 25]
B h
_ 8nh —20h — 4h?
- h
=8n—20—4h (Aslongash # 0)

Based on this derivation, we may now conclude that

g'(n)= }lirré(8n — 20 —4h) =8n—20
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