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     In this investigation, you will practice working with groups and some of their properties. 

 

Problem 1.    Consider the permutation Consider the permutation group 𝓟𝟒 and the bijections 

 

𝛼 ∶  (
1 2 3 4
4 1 2 3

)       𝛽 ∶  (
1 2 3 4
3 1 4 2

) 

 

Part (a).  Compute the function composition 𝛼 ∘ 𝛽. 

 

 

 

Part (b).  Construct the group inverse for each of the functions 𝛼, 𝛽 and 𝛼 ∘ 𝛽. 

 

 

 

 

Part (c).  Is it possible to write (𝛼 ∘ 𝛽)−1 as a composition of 𝛼−1 and 𝛽−1? 

 

 

 

 

 

Problem 2.  Let 𝓧 = (𝑋,∗) be any group, and let 𝑎, 𝑏 ∈ 𝑋.   

 

Part (a).  What can you say about (𝑏−1 ∗ 𝑎−1) ∗ (𝑎 ∗ 𝑏)?  Justify your answer using the properties of 

groups. 

 

 

 

 

 

Part (b).  How is (𝑎 ∗ 𝑏)−1 related to 𝑎−1 and 𝑏−1?  Justify your answer using the properties of groups. 

 

 

 

 

 

 

Problem 3.  Let 𝓧 = (𝑋,∗) be any group, and let 𝑎, 𝑏 ∈ 𝑋.  Prove that (𝑎 ∗ 𝑏)−1 = 𝑎−1 ∗ 𝑏−1 if and only 

if 𝑎 ∗ 𝑏 = 𝑏 ∗ 𝑎. 
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     Let 𝓧 = (𝑋,∗) be any group, and let 𝑎 ∈ 𝑋.  We can use the power definition above, along with 

mathematical induction, to show that 𝑎𝑚 ∗ 𝑎𝑛 = 𝑎𝑚+𝑛 for any integers 𝑚 and 𝑛.  This process is tedious, 

however; and will be omitted. 

 

Problem 4.  What is the value of 34 in each of the following groups? 

 

Part (a).  The group 𝓩 of integers under addition 

 

 

 

Part (b).   The group 𝓩4 = (ℤ4,⊞4)  
 

 

 

Part (c).  The group 𝓤20 = (𝕌20,⊠20)  (See Investigation 5 Problem 2. ) 
 

 

 

Problem 5.  Consider the permutation group 𝓟𝟒 and the permutation 

 

𝛼 ∶  (
1 2 3 4
4 1 3 2

) 

 

Part (a).  Compute the powers 𝛼1 through 𝛼6.  What patterns do you notice? 

 

 

 

 

 

 

Part (b).  Compute the powers 𝛼−1 through 𝛼−6.  What patterns do you notice? 

 

 

 

 

 

 

 

 

 

Powers of Group Elements 

 

Let 𝓧 = (𝑋,∗) be any group, let 𝑎 ∈ 𝑋, and let 𝑛 be a positive integer.  We define the element 𝑎𝑛 to be the result of applying 𝑎 

to itself 𝑛 − 1 times under the operation *.  In symbols, we let 

𝑎𝑛 = 𝑎 ∗ 𝑎 ∗ … ∗ 𝑎⏟        
𝑛 times

 

 

In the spirit of this definition, we let 𝑎−𝑛 = (𝑎𝑛)−1 and let 𝑎0 be the identity element. 
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Problem 6.  Let 𝓧 = (𝑋,∗) be any group, and let 𝑎 ∈ 𝑋.  Consider the set Pow[𝑎] = {𝑎𝑛 ∶ 𝑛 ∈ ℤ}. 
 

Part (a).  Prove that Pow[𝑎] is closed under the group operation ∗. 
 

 

 

Part (b).  Show that the algebra (Pow[𝑎],∗) has an identity. 

 

 

 

Part (c).  Show that every element of Pow[𝑎] has an inverse which is also a member of Pow[𝑎]. 
 

 

 

Part (d).  Is the algebra (Pow[𝑎],∗)  a group?  Explain. 

 

 

 

 

Homework. 

 

Problem 1.  Let 𝓧 = (𝑋,∗) be any group and let 𝑎 ∈ 𝑋.   Explain why we know that 𝑎 = (𝑎−1)−1. 

 

Problem 2.  Consider the group 𝓢× = (𝑆×,∗) of cross symmetries.  Is it true that (𝐹 ∗ 𝑅)2 = 𝐹2 ∗ 𝑅2 in 

this group? 

 

Problem 3.  Let 𝓧 = (𝑋,∗) be any group and let 𝑎, 𝑏, 𝑐 ∈ 𝑋.   Use the properties of groups to prove the 

following. 

 If 𝑎 ∗ 𝑏 = 𝑎 ∗ 𝑐, then 𝑏 = 𝑐. 
 If 𝑏 ∗ 𝑎 = 𝑐 ∗ 𝑎, then 𝑏 = 𝑐. 

 

This is referred to as the cancellation property for groups. 

 

Problem 4.  Let 𝓧 = (𝑋,∗) be any group and let 𝑎, 𝑏 ∈ 𝑋.   Use the fact that (𝑎 ∗ 𝑏)2 = (𝑎 ∗ 𝑏) ∗ (𝑎 ∗ 𝑏) 
to help you prove that (𝑎 ∗ 𝑏)2 = 𝑎2 ∗ 𝑏2 implies that 𝑎 ∗ 𝑏 = 𝑏 ∗ 𝑎. 

 

Suppose that 𝓧 = (𝑋,∗) is a group with identity 𝜀, and suppose that 𝑎 ∈ 𝑋.  We say that 𝑎 has finite order 

in this group provided there exists a smallest positive integer 𝑝 such that 𝑎𝑝 = 𝜀. 
 

Problem 5.  Determine the finite order of each element below in the specified group. 

 

Part (a).  The element 4 in the group 𝓩6 = (ℤ6,⊞6) 
 

Part (b).  The element 7 in the group 𝓤20 = (𝕌20,⊠20) 
 

Part (c).  The permutation 𝜎 given below in the permutation group 𝓟𝟓 

 

𝜎 ∶  (
1 2 3 4 5
3 2 4 5 1

) 
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Problem 6.  Does the element 2 have finite order in the group 𝓩 of integers under addition?  Explain. 

 

 

 

 

Problem 7.  In the group 𝓤20 = (𝕌20,⊠20), what are the elements of the set Pow[7]? 

 

 

 

Problem 8.  In the permutation group 𝓟𝟓, what are the elements of the set Pow[𝜎], where 𝜎 is defined in 

Problem 5 (c)? 

 

The set 𝑀2 of all 2 × 2 invertible real-valued matrices forms a group under matrix multiplication.  (You 

actually proved this in linear algebra.)  This group is called the general linear group; we will let 𝑮𝑳𝟐 =
(𝑀2,∗) represent this group. 

 

Problem 9.  In the general linear group, describe the elements of the set Pow[𝐴] if we let 

 

𝐴 = (
2 0
0 1

) 

 

Problem 10.  In the general linear group, describe the elements of the set Pow[𝐵] if we let 

 

𝐵 = (
0 −1
1 −1

) 

 

Problem 11.  Suppose that 𝓧 = (𝑋,∗) is a group, and suppose that 𝑎 ∈ 𝑋.  Use the method of 

mathematical induction to prove the following result. 

 

 If 𝑛 is any positive integer, then (𝑎−1)𝑛 serves as the group inverse for 𝑎𝑛. 

 


