
The Trigonometric Functions (Part I)

In the sciences, angles are often used to represent rotations. Angles used in this way are sometimes
called rotation angles. In this investigation, we will explore an example of how rotation angles can be used.

A bug lands on the tip of one blade on a ceiling fan having a two-foot radius. Jade turns on the fan,
and it begins to rotate slowly counterclockwise at a constant speed. As the fan blades rotate, the bug will
move from its initial loctaion counterclockwise along the circumference of a two-foot radius circle. Imagine
a ray extending from the center of the fan through the bug’s initial position. If we took a photo of the fan
(freezing the motion) and drew a ray from the center of the fan to the bug’s new position, these two rays
would form an angle.

The ray passing through the bug’s initial position is called the initial ray of the angle formed. The
ray passing through the bug’s new position is called the terminal ray of the angle formed. The bug’s path
is shown as the directed arc in the diagram above. (This is called a direction arc for the angle). The arrow
on a direction arc always points from the initial ray to the terminal ray in the direction of the rotation.

Problem 1. Suppose the bug travels nine feet around the circumference of the circle from its initial position
to its new position.. What is the radian measure of the angle in the diagram above?

Problem 2. Suppose a wad of gum is stuck to the same fan blade one foot from the center of the fan.
Through what distance will the wad of gum travel as the bug goes from its initial position to its new
position?

Problem 3. The angular speed of the bug is defined to be the number of radians (radius lengths) the bug
travels in one unit of time. (The units of angular speed are rad’s per unit of time.) If it took the bug
three seconds to travel from its initial position to its new position, what is its angular speed?

Sometimes we need to locate a point on one ray of an angle with greater precision than we used in
the diagram above. When this is required, we imagine a rectangular grid is positioned so that the following
conditions are met.

• The vertex of the angle lies at the origin of the grid.

• The initial ray of the angle lies on the positive half of the horzintal axis.

When these conditions are met, we say that the angle is in standard position on the grid. When an angle
is in standard position on a grid, we have a systemaitc way of identifying points on both rays defining the
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angle. The diagram below shows the bug’s rotation angle placed in standard position.

Now that the bug’s rotation angle is in standard position, we can identify the bug’s initial position
and new position as ordered pairs. The bug’s initial position is the point (2, 0). We can estimate the x and
y coordinates of the point representing the bug’s new position.
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Problem 4. The diagram below shows three points on the terminal ray of an angle in standard position.
Estimate the x and y coordinates of these points to the nearest hundredth. The units on both axes is
inches.

Problem 5. In the previous problem, Point A is located 0.4 inches from the origin (which means it lies
on a circle of radius 0.4 inches). Points B and C are located 0.6 inches and 1.0 inches, respectively,
from the origin. Take your estimates for the x-coordinates of each point and divide them by the
point’s distance from the origin. Do the same for your estimates of the y-coordinates. Do you notice
anything?

Problem 6. What is the slope of the terminal ray for the angle shown in Problem 4?

The Trigonometric Functions

Let θ be the radian measure of an angle in standard position. Let r > 0 be fixed, and suppose P = (x, y)
is the point on the terminal ray of this angle that is r units from the origin.

• The sine function takes the measure θ of the angle as input and produces the ratio y
r
as output. In

symbols, we write
sin(θ) =

y

r
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• The cosine function takes the measure θ of the angle as input and produces the ratio x
r
as output. In

symbols, we write
cos(θ) =

x

r

• The tangent function takes the measure θ of the angle as input and produces the slope of the terminal
ray as output whenever the ray is not vertical. (If the terminal ray is vertical, then the tangent of θ
is left undefined.) As we move from the origin to the point (x, y), we know that

4x = x− 0 = x 4y = y − 0 = y

With this in mind, we write in symbols

tan(θ) = Slope of Terminal Ray =
4y
4x =

y

x

Problem 7. Suppose an angle is in standard position and has radian measure θ. If the terminal ray of this
angle is vertical, why is there a problem defining the tangent of θ?

Problem 8. On each of the grids below, draw a different angle in standard position whose terminal ray is
vertical. What is the radian measure of each angle you made, and how do you know?
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Problem 9. Suppose an angle is in standard position and has radian measure θ. As long as the terminal
ray of the angle is not vertical, use the definitions of the sine and cosine functions and some algebra
to explain why

tan(θ) =
sin(θ)

cos (θ)

A circle of radius r centered at the origin is defined to be the set of all points P = (x, y) that are r units
from the point (0, 0). The distance formula tells us that this circle is represented by the formula

r =
√
(x− 0)2 + (y − 0)2 or equivalently r2 = x2 + y2
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Problem 10. Use the previous formula, some algebra, and the definitions of the sine and cosine functions
to explain why

[cos(θ)]
2
+ [sin(θ)]

2
= 1

for any angle in standard position whose radian measure is θ.

Problem 11. Suppose an angle is in standard position and has radian measure θ. Without using a
calculator, find the values of sin(θ), cos(θ), and tan(θ) if we know the following.

(a) The point P = (−2, 3) is on the terminal ray of the angle
(b) The point P = (−4,−1) is on the terminal ray of the angle

A rectangular grid naturally divides the plane into four quadrants. It is customary to name these
quadrants in the counterclockise direction as shown in the diagram below.

If an angle is in standard position, we say that lies in a quadrant provided it’s terminal ray is in that
quadrant. For example, if an angle in standard position has the point P = (−3, 1) on its terminal ray, then
this angle lies in Quadrant II. We know this because this is the quadrant where the first coordinate of a
point is negative and the second coordinate is positive.

Example 1 Suppose an angle in standard position lies in Quadrant III. If θ is the radian measure of this

angle and sin(θ) = −1
4
, what are the values of the cosine and tangent functions for the input θ?

Solution. We know that the following equations are true

[cos(θ)]
2
+ [sin(θ)]

2
= 1 cos(θ) = ±

√
1− [sin(θ)]2

The second equation comes from the first simply by solving the first equation for cos(θ). Using what we are
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given, we see that

cos(θ) = ±
√
1− [sin(θ)]2 =⇒ cos(θ) = ±

√
1−

[
−1
4

]2
=⇒ cos(θ) = ±

√
1− 1

16

=⇒ cos(θ) = ±
√
15

16

=⇒ cos(θ) = ±
√
15

4

Which of the two potential solutions for cos(θ) do we choose? According to the defnition of the cosine
function, if P = (x, y) is a point on the terminal ray of the angle a distance r > 0 from the origin, then

cos(θ) =
x

r

Since r is positive, whether cos(θ) is positive or negative depends on x. We are told that the angle lies in
Quadrant III. Since x is negative in this quadrant, we know that cos(θ) is negative as well. Therefore, we
know

cos(θ) = −
√
15

4

**********

Problem 12. Suppose that an angle in standard positive has radian measure θ. If the angle lies in Quadrant

II and tan(θ) = −3
5
, find the values of cos(θ) and sin(θ) without using a calculator.

Supplemental Problems.

1. Suppose the bug travels through an arc of five feet as it moves from its initial position to its new
position counterclockwise in the two-foot radius fan. What is the radian measure of the angle defined
by these positions?

2. Suppose the angle defined by the bug’s initial position and its new position has radian measure 3.17
rad. What is the length of the arc the bug traveled through? Assume the fan has a two-foot radius.

3. Jade turns up the speed of the fan so that its blades make one complete rotation every second. What
is the angular speed for the fan?

4. Suppose the angular speed of the fan is ω = 1.17 rad per second. What is the length of the arc the
bug travels through in two seconds? Assume the fan has a two-foot radius.

5. Suppose the angle defined by the initial position and new position of the bug has degree measure 38◦.
What is the length of the arc the bug traveled through?

6. Suppose that P = (8,−3) lies on the terminal side of an angle in standard position. If θ is the radian
measure of this angle, determine the values of cos(θ), sin(θ), and tan(θ).
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7. Let A be an angle in standard position whose radian measure is θ. If the angle lies in Quadrant III

and cos(θ) = −1
4
, what is the value of sin(θ) and tan(θ)?

8. Let A be an angle in standard position whose radian measure is θ. Explain why we always have
−1 ≤ cos(θ) ≤ 1 and −1 ≤ sin(θ) ≤ 1.

9. Let A be an angle in standard position lying in Quadrant IV whose radian measure is θ, and suppose

that tan(θ) = −4
3
.

(a) Explain why it is wrong to conclude that cos(θ) = 3 and sin(θ) = −4, even though tan(θ) = sin(θ)

cos(θ)
.

(b) Determine the correct values for cos(θ) and sin(θ).
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