Chapter 3

Review of Statistics

3.1.  The central limit theorem suggests that whersample sizen() is large, the distribution of the
2
sample averageY() is approximatelyN [,uY, JYE) with a§ =ﬁ. Given a population, =100,
n

o> =43.0, we have

2
(&) n=100, 02 =2 =43 -043 and
n 100

Pr(¥ <101)= PEY —100_10% 103 ~® (1.525% 0 936
Joaz  Jaa3
2
(b) n=64, 02 =2 =43-06719 and
n 6

Pr(101<¥ < 103)F PElOl‘ 100 Y- 100 103 1033

J0.6719 06719 + 0671
= ®(3.6599) ® (1 2200 09999 .08888 . 011

2
(©) n=165, 02 =% =*3 -0 2606, and
165

Pr(Y >98)=1- Pr{ < 98F %

Y-100 _ 98 10(3
r <
/0.2606 /0260

=1-P(-3.9178=d (39178F 10000 (rounded to four dedipiaces)

3.2.  Eachrandom dra% from the Bernoulli distribution takes a value @her zero or one with
probability Pr(Y, =1)= p and P(Y, =0) =1- p. The random variabl¥ has mean
E(Y,)=0xPr{y=0)+ Ix Pr{ = 1F p
and variance
var(Y,)=E[(Y, - 44 )]
=(0-p)*xPr(, = 0)+ (I-p fx Prg = 1
=p°L-p)+(@-pyp=p@-p)
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3.3.

3.4.

(a) The fraction of successes is
_#(success) #(Y, =1) _2LY,

p =Y.
n n n
(b) E(|f>)=E[i=—1Y‘J=E VE(Y) =23 p=p.
n n n4<;
(©) Vaf(ﬁ>=va{zin=—lY‘J=%” varg -3 p - p ) PEP)
n n" = n- = n

The second equality uses the fact that..., Y, are i.i.d. draws andov(Y ,Y; )= 0, for i # j.

Denote each voter’s preferenceYoyy =1 if the voter prefers the incumbent a¥id=0 if the
voter prefers the challenger. is a Bernoulli random variable with probability(®r=1) = p and

Pr(Y =0)=1- p. From the solution to Exercise 32, has meanp and variancep(1- p).

215
=215_ 45375
@ P=300

(b) The estimated variance @f is %r(b)= PA-p) _ 0.5375¢ (+ 0.5375)
n

= 6.2148%& 10 The
400

standard error is Sip) = (var(ﬁ))% =0.0249
(c) The computettstatistic is

= P oo _05375-05 ) o
SE(p) 00249

Because of the large sample s{me= 400), we can use Equation (3.14) in the text to get the
p-value for the tesH,: p=0.5vs. H,: p#0.5:

p-value= 20 C{** | @ € 1506 2 .0066 .0 1:
(d) Using Equation (3.17) in the text, thevalue for the tesH,: p=0.5vs. H,: p>0.5is
p-value= 1-® {* )= =@ (1506% * 0934 .00¢€

(e) Part (c) is a two-sided test and phealue is the area in the tails of the standardnabr
distribution outside: (calculated-statistic). Part (d) is a one-sided test andpthralue is the
area under the standard normal distribution taitite of the calculatettstatistic.

(f) For the testH,: p=0.5vs. H, : p>0.5, we cannot reject the null hypothesis at the 5%

significance level. The-value 0.066 is larger than 0.05. Equivalently ¢hkeulated-statistic
1.506 is less than the critical value 1.64 for a onesditest with a 5% significance level. The
test suggests that the survey did not contairssitally significant evidence that the
incumbent was ahead of the challenger at the tintleecsurvey.

Using Key Concept 3.7 in the text
(a) 95% confidence interval faris
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p+1.96 (p)= 0.537% 1.98 0.0249 (0.4887,0.58

(b) 99% confidence interval fqris
p+2.57F (p)= 0.537% 2.5¢ 0.0249 (0.4735,0.60
(c) Mechanically, the interval in (b) is wider besa of a larger critical value (2.57 versus 1.96).
Substantively, a 99% confidence interval is widenmta 95% confidence because a 99%

confidence interval must contain the true value of 99% of all possible samples, while a
95% confidence interval must contain the true valiygin only 95% of all possible samples.

(d) Since 0.50 lies inside the 95% confidence wrgkfor p, we cannot reject the null hypothesis
at a 5% significance level.

3.5. (a) (i) The size is given yr(|p— 0.5p .02where the probability is computed assuming that
p=0.5.

Pr(p- 0.5p 0.02F + PH 0.02p- 05 .02)
=1_P{ 002 _  p-05 _ 0.02 l
J0.5x 0.5/1055 +/ 0.8 0.5/1055+ 0<% 0.5/10
=1—Pr[—1.3os P-05 13%

——< 1.
+/0.5% 0.5/1055

=0.19

where the final equality using the central lithikorem approximation.
(i) The power is given bRr(]p— 0.5p 0.02 where the probability is computed assuming

thatp = 0.53.
Pr(p- 0.5p 0.02F *+ PH 0.02p- 05 .02)
_1_p -0.02 - p-05 _ 0.02 J
J0.53x 0.47/1055 +/ 0.58 0.47/1055 053 0.47/10'
_1_p -0.05 < p-053 _ - 0.01 J
J0.53x 0.47/1055 +/ 0.58 0.47/1055\ 0563 0.47/10'
=1- P{—S.ZSS P-053 __, j
J53x 0.47/1055
=0.74
where the final equality using the central linhiebrem approximation.
) () t=——2247050 _ _5 61 and Pj3 2.68 0.Cso that the null is rejected at the
\/(0.54x 0.46) /1055
5% level.

(i) Pr@> 2.61)= .004so that the null is rejected at the 5% level.
(iii) 0.54+1.96/ (0.54 0.46)/1055 0.%4 0.03,0r 0.50167.
(iv) 0.54+ 2.58\/ (0.54%4 0.46)/1055 0.%4 0.04,or0.50188.
(v) 0.54+ 0.67/ (0.54 0.46)/1055 0.%4 0.01, or 0.58165.
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3.8

3.9.

(c) (i) The probability is 0.95 is any single swyyéhere are 20 independent surveys, so the
probability if 0.95° = 0.3€
(i) 95% of the 20 confidence intervals or 19.

(d) The relevant equation 1s96x SEQ x .010r1.98,/p @p )< .0 Thusnmust be

chosen so than >%(fl—p)’ so that the answer depends on the valye hbte that the
largest value thai(1l - p.) can take on is 0.25 (that = 0.5 make®(1 - p) as large as
possible). Thus ih >19§TOZS— 9604, then the margin of error is less than 0.01 for all
values ofp. .

1110+ 1.9{\&%} or1110+ 7.62

Denote the life of a light bulb from the nemgess byy. The mean oY is 4 and the standard
deviation ofY is g, =200 hours.Y is the sample mean with a sample size100. The

standard deviation of the sampling distributionYofis o, = =X =—-- =20 hours. The
N

hypothesis test i#1,: /. =2000 vs. H,: > 2000 . The manager will accept the alternative

hypothesis ifY > 2100 hours.

(a) The size of a test is the probability of erraumgy rejecting a null hypothesis when it is valid.

The size of the manager’s test is
size= Pry > 210Qf= 200@ 4 Pfc 21Q0¢ 20

—1_pf Y—2000S 2100- 200?—1: 200
20 20

=1-d(5)=1- 0999999718 287 10 ,

wherePr(Y > 2100}/= 200C means the probability that the sample mean istgréaan 2100
hours when the new process has a mea2060 hours.

(b) The power of a test is the probability of cathgrejecting a null hypothesis when it is invalid

We calculate first the probability of the managepeeously accepting the null hypothesis
when it is invalid:

B=Pr(Y < 21001 = 2150% l{Y 2150 _ 210(20215(}4: 21%(

=P(-2.5)=1-P(25)= 1 09938 00062
The power of the manager’s testindlis f =1- 0.0062= 0 993¢

(c) For atest with 5%, the rejection region fae tiull hypothesis contains those values of the

t-statistic exceeding 1.645.
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—act _
et :YZ—?OO>1.645:7M> 2000F 1648 28 2032

The manager should believe the inventor’s claithéf sample mean life of the new product is
greater than 2032.9 hours if she wants the sitleeofest to be 5%.

3.12. Sample size for mem =100, sample averaggl =3100 sample standard deviat®gnr= 200.
Sample size for women, =64, sample averagg , = 2900, sample standard deviatia) = 320.

2 2
The standard error of,—Y, is SE@l—\?Z)z\/i +2 :\/
n

(@)

(b)

200, 326 _ ,, 20q
100 64

n,

The hypothesis test for the difference in maamthly salaries is
Hoith=#,=0 vs Hyu-u,#0
Thet-statistic for testing the null hypothesis is

(o = Yl—Yi _3100- 2900_ 4.4722
SE{.-Y.,) 44721

Use Equation (3.14) in the text to get fhealue:
pvalue= 20 (1™ |F & € 44722 2 (38744 10=). 7748871

The extremely low level gi-value implies that the difference in the monthdjasies for men
and women is statistically significant. We can cejiae null hypothesis with a high degree of
confidence.

From part (a), there is overwhelming statidtemadence that mean earnings for nuiffier

from mean earnings for women, and a related calonlahows overwhelming evidence that
mean earning for men ageeater that mean earnings for women. However, by it$bi§ does
not imply gender discrimination by the firm. Gendigcrimination means that two workers,
identical in every way but gender, are paid diffen@ages. The data description suggests that
some care has been taken to make sure that wavktarsimilar jobs are being compared.
But, it is also important to control for characstigs of the workers that may affect their
productivity (education, years of experience, et€these characteristics are systematically
different between men and women, then they magbpansible for the difference in mean
wages. (If this is true, it raises an interesting anportant question of why women tend to
have less education or less experience than methddus a question about something other
than gender discrimination by this firm.) Sincesheharacteristics are not controlled for in
the statistical analysis, it is premature to readonclusion about gender discrimination.
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