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1 Introduction

High dimension data analysis has become a challenging problem in modern sci-

ences. The diagnosis by gene expression or SNPs data arising in medical and bi-

ological sciences is a typical example and may be the most important focus of the

research in the past decade. The number of variables in these data sets may be tens

to hundreds of thousands. The understanding of the data structure and inference

are much difficult because of the curse of the dimension. This has driven the rapid

advances in the research of variable selection and dimension reduction techniques

in machine learning and statistical communities that show great advantages.

Variable selection is closely related to the relevance study and dates back at

least to the middle of 1990’s (Tibshirani, 1996; Blum and Langley, 1997; Kohavi

and John, 1997). Since then it has been rapidly developed, especially after the mi-

croarray data and text categorization draw attention of researchers. A special issue

on this topic is published by Journal of Machine Learning Research in 2003. In

Guyon and Elisseeff (2003) the main benefits of of variable selection were summa-

rized to be 3-fold: improving the inference performance, providing faster and cost-

effective predictors, and better understanding of underlying process that generates

the data. The many methods that have been proposed in the literature includes

various correlation and information criteria (see Guyon and Elisseeff (2003) for a
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good review); the ordinary least square based algorithms such as LASSO (Tibshi-

rani, 1996) and elastic net (Zou and Hastie, 2005), SVM based algorithms (Guyon

et al., 2002; Weston et al., 2001; Rakotomamonjy, 2003; Zhang, 2006), and gradi-

ent based algorithms (Mukherjee and Zhou, 2006; Mukherjee and Wu, 2006; Cai

and Ye, 2008; Ying and Campbell, 2008).

Dimension reduction is another major component arising in high-dimensional

data analysis that can be used for visualization, statistical modeling, inference of

geometry and structure, and improving predictive accuracy. The unsupervised di-

mension reduction does not take the response variable into account. It goes back

to principal components analysis and has been extended to nonlinear setting by

kernel trick (Schölkopf et al., 1997). Rooting in the belief that high dimensional

data are usually concentrated on a low dimensional (possibly nonlinear) manifold,

approaches of nonlinear dimension reduction by recovering the intrinsic metric

have been proposed (Tenenbaum et al., 2000; Roweis and Saul, 2000; Belkin and

Niyogi, 2003; Donoho and Grimes, 2003; Coifman and Lafon, 2006; Coifman

et al., 2005a,b). An obvious observation is that given label or response information

incorporating this information into the dimension reduction framework should be

beneficial, especially for prediction. The problem of finding predictive directions

or projections called supervised dimension reduction has been developed in the

statistics literature by methods such as sliced inverse regression (SIR, (Duan and

Li, 1991; Li, 1991)) and various extensions, principle Hessian directions (PHD,

Li (1992)), gradient based methods such as minimum average variance estimation

(MAVE, Xia et al. (2002)) and kernel based gradient learning (Mukherjee et al.,

2006b), and so on. All of these methods were shown empirically effective and

their properties have been theoretically analyzed.

The aim of this paper is to review the kernel gradient learning algorithms pro-

posed in Mukherjee and Zhou (2006); Mukherjee and Wu (2006); Mukherjee et al.

(2006b). It can be used for simultaneous feature selection and dimension reduc-

tion. The discussion will be put it into the context of feature selection by nonlinear
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models. This provides a new view of point.

2 Motivations and foundations

In this section we study the motivations and foundations for variable selection and

dimension reduction by learning gradients. For variable selection we will show

that linear models may not be enough to retrieve all the relevant variables and al-

gorithms based on nonlinear models are necessary. In this context gradients usually

provide enough information to rank the importance of the variables and help select

most relevant and predictive ones. For dimension reduction we will show that gra-

dient outer product matrix contains all the information about how the the target

function changes and could be used to recover the predictive directions without

degeneracy.

Before we go into the details, we introduce the concepts and notations that will

be used throughout the whole paper. Let x = (x1, . . . , xp)T ∈ Rp be a random

variable of p predictors. Each predictor xi is called a variable or feature. Let y

be the response variable with domain R for regression problem or {±1} for binary

classification problem. We will focus on the additive noise model, i.e., the response

variable y depends on the input variable x in the following way:

y = f∗(x) + ε (1)

where ε is independent of x and Eε = 0.

2.1 Gradient and variable selection by nonlinear models

In very high dimensional data analysis, the target function may depend only on a

small subset of the predictors, not all of them. Denote the set of relevant variables

by xR where R ⊂ {1, . . . , p} . The models (1) becomes

y = f(xR) + ε. (2)
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The aim of variable selection is to find this subset of relevant variables and rank

their importance. This is important in many applications such as the medical di-

agnosis and prognosis. A direct benefit of feature subset selection is better under-

standing of the dependence between the response and the predictors. Also, though

theoretically the prediction is more accurate by including all the relevant variables,

in practice the prediction may be better using only several top important predic-

tors because most learning algorithms have higher accuracy for lower dimensional

inputs, especially when only a limited set of samples are available.

In the literature a variety of variable ranking methods are based on correlation

and information criteria (Golub et al., 1999; Hastie et al., 2001, and so on). As

reviewed in Guyon and Elisseeff (2003) they face some basic difficulties. Many

correlation criteria can only detect linear dependency and may loss some relevant

variables. Moreover, a common criticism on correlation criteria is the selection of

a redundant subset.

Feature selection by linear models have been extensively studied. In these

methods a linear regression function or classifier is trained and the variables are

ranked by the coefficients. Typical examples include the LASSO (Tibshirani,

1996), LARS (Efron et al., 2004) and elastic net (Zou and Hastie, 2005) for re-

gression and SVM for classification Vapnik (1998); Guyon et al. (2002). Next we

will show that linear models are not enough in many situations. Let us consider the

regression case.

In regression a linear function is fitted by ordinary least square (OLS) together

with certain penalty. Given a set of samples {xi, yi}n
i=1 where xi = (xi1, . . . , xip)T ∈

Rp , the regression function is approximation by f̂(x) = ŵT
λ x + b̂λ where

(ŵλ, b̂λ) = arg min
w∈Rp,b∈R

{
1
n

n∑

i=1

(yi −wTxi)2 + λΩ(w)

}
, (3)

where w = (w1, . . . , wp)T ∈ Rp, Ω is a penalty function, and λ > 0 is called the

regularization parameter. Various penalties have been introduced. For instance, the

ridge regression uses a L2 penalty Ω(w) =
∑p

j=1 w2
j , LASSO uses L1 penalty
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Ω(w) =
∑p

j=1 |wj |, and bridge regression use Lq penalty Ω(w) =
∑p

j=1 |wj |q

for q > 0. Combined penalties are also considered such as that the combination

of L2 and L1 penalties (Zou and Hastie, 2005) and the combination of L0 and

L1 penalties in (Liu and Wu, 2007). Since these penalized linear regression is

consistent it is suffices to consider the sample limit case to study their properties.

The penalized linear regression for the sample limit case takes the form f(x) =

wT
λ x + bλ where wλ = (wλ,1 . . . , wλ,p)T ∈ Rp and bλ ∈ R is defined as

(wλ, bλ) = arg min
w∈Rp,b∈R

{
E(y −wTx)2 + λΩ(w)

}
. (4)

We have the following conclusion.

Theorem 1. Assume the penalty function Ω satisfies Ω(w1) ≤ Ω(w2) if w1j ≤ w2j

for all j = 1, . . . , p and, if in addition there exists j such that w1j = 0 < w2j , then

Ω(w1) < Ω(w2). Then we have wλ,j = 0 if and only if

E[(xj − x̄j)(y − ȳ)] = 0

where x̄j = Exj and ȳ = Ey.

This result indicates that all the predictors uncorrelated to y will not be selected.

Note that it is possible for a variable xj to be relevant but uncorrelated to y. So

feature selection by linear models may loss important variables if y depends on the

predictor nonlinearly. In fact, this situation could be very common as shown in the

following corollary.

Corollary 2. Let the penalty function satisfy the same assumption as in Theorem

1. Assume further that x has normal distribution. Then wλ,j = 0 if and only if

E[∂f∗(x)
∂xj

] = 0.

Corollary 1 follows immediately from Theorem 1 and Stein’s Lemma (Stein,

1981, Lemma 4).

The failure of linear models advocates the necessity of feature subset selection

by nonlinear models. Several approaches have been proposed in the literature, for
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instance, the SVM based criteria in Weston et al. (2001); Rakotomamonjy (2003),

the component smoothing and selection operator (COSSO, Zhang (2006)), reg-

ularization of derivative expectation operator (RODEO, Lafferty and Wasserman

(2008)), and the gradient based variable ranking (Hermes and Buhmann, 2000;

Mukherjee and Zhou, 2006; Mukherjee and Wu, 2006).

The gradient measures the change of a function along the coordinate variables.

It is natural to rank the variables using the gradients information. This is the idea

of feature selection in Hermes and Buhmann (2000); Mukherjee and Zhou (2006);

Mukherjee and Wu (2006). Moreover, in case of an additive noise model (2), these

methods do not include irrelevant variable nor loss relevant variables.

Theorem 3. Suppose the model (2) holds and f∗ is differentiable. Then j ∈ R if

and only if ∂f∗
∂xj

is not identically 0.

This motivates variable ranking by certain norm of the partial derivatives. Nat-

ural choices include the L1 and L2 norms.

2.2 Gradient outer product and dimension reduction

We consider the following heuristic model: assume the functional dependence be-

tween the response variable y and the input variable x is given by

y = f∗(x) + ε = g∗(βT
1 x, . . . , βT

d x) + ε (5)

where β1, . . . , βd are are unknown vectors inRp. Let S denote the subspace spanned

by these βi’s. Then PSx, where PS denotes the projection operator onto the sub-

space space S, provides a sufficient summary of the information in x relevant to y.

Estimating S or βi’s becomes the central problem in supervised dimension reduc-

tion.

Though we define S here via a model assumption (5), formal definition based

on conditional independence is available. In the statistical literatures of dimension

reduction two central concepts are usually used. The central subspace (Cook, 1998)

is defined to be the intersection of all subspaces S such that y ⊥⊥ x|PSx. The
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central mean subspace (Cook and Li, 2002) is defined to be the intersection of all

subspaces S such that E(y|x) ⊥⊥ x|PSx. Both exists under very mild conditions.

For the additive models (5) two concepts coincide. In the sequel we will assume

without loss of generality that the central (mean) subspace exists and βi’s form

a basis. Also, we follow Cook and Yin (2001) and refer to S as the dimension

reduction (d.r.) subspace and βi’s the d.r. directions.

The gradient vector ∇f∗(x) = ( ∂
∂x1

f∗(x), . . . , ∂
∂xp

f∗(x))T measures how the

function f changes at the point x with respect to its coordinates. A natural idea is

to retrieve the d.r. subspace using gradient information. It turns out the gradient

outer product matrix defined as

G = E[(∇f∗(x))(∇f∗(x))T ]

plays a central role. The following lemma is immediate.

Theorem 4. Assume the model (5) and the differentiability of f∗. Then the d.r.

subspace S is exactly the subspace spanned by the eigenvectors of G with nonzero

eigenvalues.

This theorem suggests to retrieve the d.r. subspace by eigen-decomposition of

gradient outer product matrix G. In addition, it guarantees no predictive direction

is lost.

Several dimension reduction methods follow this idea implicitly or explicitly

(Xia et al., 2002; Mukherjee et al., 2006b). Recall many classical dimension re-

duction methods such as SIR and PHD suffer the loss of d.r. directions in certain

situations. Compared to those methods, gradient outer product based method is

advantageous in preventing degeneracy. Some theoretical relations and compar-

isons between gradient based method and SIR or PHD were discussed in Wu et al.

(2007); Mukherjee et al. (2006a).

To close this section we remark that most variable selection approaches do not

estimate how the relevant variables covary and does not provide information of
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d.r. subspace. Gradients relates the variable selection and dimension reduction

together. So estimating the gradient can be used for both tasks and are of great

interest.

3 Learning gradients by kernel methods

In the literature, several approaches have been proposed to learn the gradient.

They include various numerical derivatives methods, local polynomial smoothing

(Fan and Gijbels, 1996) and kernel gradient learning (Mukherjee and Zhou, 2006;

Mukherjee and Wu, 2006; Mukherjee et al., 2006b). In this section we discuss the

idea of kernel gradient learning.

3.1 Learning gradient for regression

In the common regression setting, the variable (x, y) is assumed to have joint prob-

ability distribution ρ(x, y) = ρxρ(y|x) where ρx is the marginal distribution of

x and ρ(y|x) is the conditional distribution of y given x. The objective regres-

sion function f∗ = E(y|x) can be obtained by minimizing the variance functional

Var(f) = E(y − f(x))2 over L2
ρx

:

f∗ = E(y|x) = arg min
f∈L2

ρx

Var(f).

In statistics and machine learning typically ρ is assumed to be unknown. Instead,

what we have in hand is a set of random samples {(xi, yi)}n
i=1 drawn indepen-

dently and identically distributed from the joint distribution ρ and f∗ must be

learned from this set of samples.

In gradient learning our target is ∇f∗, not f∗. In Mukherjee and Zhou (2006)

the kernel gradient learning for this regression setting is introduced by the follow-

ing motivation. Suppose that the regression function f∗ is smooth. The Taylor

series expansion gives us

f∗(u) ≈ f∗(x) +∇f∗(x) · (u− x), if x ≈ u,
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which can be evaluated at the data points

f∗(xi) ≈ f∗(xj) +∇f∗(xj) · (xi − xj) ≈ yj +∇f∗(xj) · (xi − xj) if xi ≈ xj

where yj ≈ f(xj). Let W (x) be a weight function that satisfies W (x) → 0 as

‖x‖ → ∞ and EW (x) = 1. Then W (x − u) provides a measure of locality.

Denote Wij = W (xi,xj). We expect

Var(f∗) ≈ 1
n

n∑

i,j=1

Wij

(
yi − yj −∇f∗(xj) · (xi − xj)

)2

is small. Therefore, if a vector valued function f : R → Rp approximates the

gradient ∇f∗ well, then the weighted square difference

En(f) =
1
n

n∑

i,j=1

Wij

(
yi − yj − f(xj) · (xi − xj)

)2

should also be small. This motivates the idea of estimating the gradient ∇f∗ of the

regression function by minimizing En(f).

Since minimizing En(f) over all possible p-vector valued functions results in

overfitting we restrict the minimization problem on a relatively small function

space. In kernel gradient learning the reproducing kernel Hilbert space (RKHS)

is used.

A real valued function K(x,u) on Rp × Rp is called a Mercer kernel if it

is continuous, symmetric, and semi-positive definite. The RKHS HK associated

to a Mercer kernel K is defined to be the closure of the functions spanned by

{Kx = K(x, ·)} with the norm

‖f‖K =




m∑

i,j=1

cicjK(ui,uj)




1/2

if f =
∑

i=1

ciKui , ci ∈ R, ui ∈ Rp.

The reproducing property is given by

f(u) = 〈f, Ku〉K , ∀f ∈ HK .

We refer to Aronszajn (1950) for more properties of RKHS.
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We remark that RKHS is very general. For example, the polynomials of degree

≤ m form an RKHS with kernel (1 + x · u)m and Sobelev spaces are RKHS

with spline kernels. The other widely used kernels include radial basis functions

and Gaussian kernels G(x,u) = exp(−‖x−u‖2
2σ2 ), σ > 0. Note also that the RKHS

associated to spline kernel and Gaussian kernels are dense in L2
ρx

and hence enough

to approximate any smooth functions.

In kernel gradient learning, the minimization will be restricted in certain H p
K

which is a space of p-vector valued functions with each component in HK . That is

H p
K = {f = (f1, . . . , fp) : fi ∈ HK , i = 1, . . . , p}

and for each f define ‖f‖2
K =

∑p
i=1 ‖fi‖2

K . In addition, the Tikhonov regulariza-

tion technique is introduced to avoid computational instability. This leads to the

following kernel gradient learning algorithm (Mukherjee and Zhou, 2006).

Definition 5. Given the data {(xi, yi), i = 1, . . . , n}, the gradient ∇f∗ of the re-

gression function is estimated by

f̂λ := arg min
f∈H p

K

[
ED(f) + λ‖f‖2

K

]
, (6)

where λ > 0 is a regularization parameter.

3.2 Optimization

In this subsection we discuss the optimization of the kernel gradient learning algo-

rithm given in Definition 5. Firstly, as a consequence of the reproducing property

we have the following representer theorem.

Theorem 6 (Representer theorem). There exist ci = (ci1, . . . , cip)T ∈ Rp, i =

1, . . . , n so that the solution f̂λ of (6) is given as

f̂λ =
n∑

i=1

ciKxi .

Theorem 6 is proved in Mukherjee and Zhou (2006). It states that in order to

find the solution f̂λ, it is enough to solve these coefficients ci. This can be realized

by solving a linear system of order np (Mukherjee and Zhou, 2006).
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Theorem 7. The vector c = (cT
1 , . . . , cT

n )T ∈ Rnp can be solve from the linear

system (
λnInp + diag(B1, . . . , Bn)(K⊗ Ip)

)
c = Y (7)

where I denotes the identity matrix with the subscript representing the order, K is

the n× n kernel matrix on the data Kij = K(xi,xj),

Bj =
n∑

i=1

Wij(xi − xj)(xi − xj)T ∈ Rp×p, j = 1, . . . , n

are p× p matrices, and Y = (Y T
1 , . . . , Y T

n )T ∈ Rnp with

Yj =
n∑

i=1

Wij(yi − yj)(xi − xj) ∈ Rp, j = 1, . . . , n.

Theorem 7 allows the kernel gradient learning algorithm to be solved efficiently

when np is not very large. This is usually the case when the dimension p is small.

However, in many applications of high dimensional data analysis, p could be

huge and much large than n. In this case the linear system of dimension np may

be computationally difficult and techniques to further reduce the computational

complexity are necessary.

Let M = span {xi − xj : i, j = 1, . . . , n} ⊂ Rp. It is not hard to to check

that each ci ∈ M from equation (7). This fact allows to further reduce the com-

putational complexity if the dimension of the subspace M is less than p. Suppose

M is of dimension d and it has an orthogonal basis V = (v1, . . . , vd) ∈ Rp×d. Let

tij ∈ Rd satisfies xi − xj = V tij . Then the coefficients ci can be solved from a

linear system of order nd.

Theorem 8. Let γ = (γT
1 , . . . ,γn)T ∈ Rnd where γi ∈ Rd is given by the linear

system (
λnInd + diag(B̃1, . . . , B̃n)(K⊗ Id)

)
γ = Ỹ (8)

where

B̃j =
n∑

i=1

WijtijtT
ij ∈ Rd×d, j = 1, . . . , n
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are d× d matrices, and Ỹ = (Ỹ T
1 , . . . , Ỹ T

n )T ∈ Rnd with

Ỹj =
n∑

i=1

Wij(yi − yj)tij ∈ Rd, j = 1, . . . , n.

Then we have

ci = V γi, i = 1, . . . , n.

Theorem 8 is proved in Mukherjee and Zhou (2006). Notice that the dimension

d of M is no larger than min{n− 1, p}. In case of n ¿ p, the linear system (8) is

of order no more than n2.

One may criticize that nd may still be large even for a moderate n. However,

we observed that the matrices in (8) are sparse. So it can be efficiently solved by

the fast linear system solvers such as biconjugate gradient or LSQR methods.

3.3 Asymptotic convergence

The kernel gradient learning algorithm was shown to be consistent in Mukherjee

and Zhou (2006); Mukherjee et al. (2006b).

Theorem 9. Under certain mild conditions (see Mukherjee and Zhou (2006);

Mukherjee et al. (2006b) for details), with large probability

‖f̂λ −∇f∗‖L2
ρx
−→ 0 as n →∞.

The conditions for this asymptotic convergence is mild. They include four

parts: (i) regularity condition of the marginal distribution ρx such as the existence

and smoothness of the density function, (ii) the smoothness of the target function

f∗ and its gradient, (iii) the capacity of the RKHS HK which guarantees the ∇f∗

can be approximated by the functions in HK , and (iv) correct choices of the weight

function W and regularization parameter λ = λ(n). Though all these conditions

are basic and mild they have complicated mathematical representations. We omit

the details here but refer to Mukherjee and Zhou (2006); Mukherjee et al. (2006b).

The error bounds and convergence rates is also derived. In case of the support

of the marginal distribution is a p dimensional domain in Rp the convergence rate

is of order O(n−1/p).
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3.4 Kernel gradient learning for binary classification

In binary classification setting we are given the data {(xi, yi)}n
i=1 where yi ∈

{−1, 1} are labels. The target function f∗ is the Bayes rule defined as f∗(x) = 1 if

P (y = 1|x) > P (y = −1|x) and f∗(x) = −1 otherwise. Clearly f∗ is not smooth

and its gradient does not exist. However, we can consider the function

fc(x) = log
[

ρ(y = 1|x)
ρ(y = −1|x)

]

whose sign gives the Bayes rule f∗. Under mild conditions fc is smooth and its

gradient exists. They are central quantities in kernel gradient learning for binary

classification (Mukherjee and Wu, 2006).

Let φ(t) = log(1 + e−t) be the logistic loss. Then

fc = arg min
f∈L2

ρx

E[φ(yf(x))].

Using the first order Taylor expansion of f we have

E[φ(yf(x))] ≈ 1
n

n∑

i,j=1

Wijφ
(
yi

(
f(xj) +∇f(xj) · (xi − xj)

))
.

Define the empirical risk associated to the loss function φ for a real valued function

g : Rp → R and a p-vector valued function f as

Eφ,n(g, f) =
1
n

n∑

i,j=1

Wijφ
(
yi

(
g(xj) + f(xj) · (xi − xj)

))
.

The idea of gradient learning for fc is as follows: Suppose (ĝ, f̂) is the minimizer

of the risk functional Eφ,n(g, f). Then we expect

Eφ,n(ĝ, f̂) = min Eφ,n(g, f) ≈ E(φ(yfc(x))) ≈ Eφ,n(fc, ∇fc)

which implies ĝ ≈ fc and f̂ ≈ ∇fc.

By incorporating the regularization in RKHS HK with this idea the following

kernel gradient learning algorithm for binary classification is propose in Mukherjee

and Wu (2006).
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Definition 10. The classification function fc and its gradient ∇fc is estimated by

(ĝλ, f̂λ) = arg min
(g,f)∈H p+1

K

(Eφ,n(g, f) + λ1‖g‖2
K + λ2‖f‖2

K

)
,

where λ1, λ2 > 0 are regularization parameters.

Similar as in the regression setting the representer theorem holds. The opti-

mization problem for the coefficients are convex and can be efficiently solved by

Newton’s methods where in each iteration a linear system of type (8) is solved. For

details see Mukherjee and Wu (2006).

The asymptotic error bounds and convergence rates are also given in Mukherjee

and Wu (2006) under mild conditions. The rate has an order of O(n−1/p) if the

support of ρx is a p dimensional domain.

3.5 Manifold setting

A common belief in high dimensional data analysis is that the very high dimen-

sional data are concentrated on a low dimensional manifold and advances in man-

ifold learning literature confirm this belief. In such a manifold setting, the input

variable is assumed to come from manifold M of dimension dM ¿ p. We as-

sume the existence of an isometric embedding ϕ : M→ Rp and the observed data

(xi)n
i=1 are the image of points (qi)N

i=1 drawn from a distribution on the manifold:

xi = ϕ(qi).

In this manifold setting the gradient learning algorithms in Definitions 5 and 10

are still valid. But the interpretation is totally different. The function f̂λ models the

function dϕ(∇Mfc) (or dϕ(∇Mf∗) for binary classification) where dϕ is the dif-

ferential of the map ϕ and∇M is the gradient operator on the manifold (do Carmo,

1992). However the convergence f̂λ → dϕ(∇Mf∗) usually does not hold. Instead

it is proved in Mukherjee et al. (2006b) that

(dϕ)∗f̂λ −→ ∇Mf∗, as n →∞.

Moreover the convergence rate is of order O(n−1/dM) which depends only the
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intrinsic dimension dM of the manifold M, not on the dimension p of the ambient

space. For more details we refer to Mukherjee et al. (2006b).

The manifold setting and the corresponding interpretation explain why the gra-

dient learning algorithms are still efficient in very huge dimensional data analysis

even if the sample size is small.

4 Variable selection and dimension reduction

Both variable selection and dimension reduction can be realized using the gradient

estimates. Here we briefly discuss the application of kernel gradient estimates to

these two tasks.

4.1 Variable selection

The key of variable (feature) selection is a ranking criterion that reflects the impor-

tance of each variable. By the discussion in Section 2, the gradient tells how fast

a function changes along each coordinate variable. Hence it is natural to rank the

variables by certain norms of the partial derivative, i.e., the components of the gra-

dient. The intuition underlying this idea is that if a variable(feature) is important

for prediction, then the target function f∗ (or fc in binary classification) changes

fast along the corresponding coordinate and the norm of the partial derivative is

large.

In the context of kernel gradient learning, the gradient is estimated by f̂λ =

(f̂λ,1, . . . , f̂λ,p) and the relevance Ri of each variable xi is measured by the empir-

ical L2
ρx

norm of f̂λ,i:

Ri =


 1

n

n∑

j=1

(
f̂λ,i(xj)

)2




1/2

≈ ‖f̂λ,i‖L2
ρx

.

Then variables selection using this relevance ranking criterion is called gradient

based feature selection (GradFS).
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However, such a ranking may be incorrect because the gradient estimate f̂λ

may be very rough when the dimension p is large and n is small. To overcome this

difficulty we can adopt the recursive feature elimination (RFE) technique (Guyon

et al., 2002). RFE is a greedy backward selection method. It starts with all features

and repeatedly removes a feature until all variables have been ranked. The intuition

of RFE helping improve the variable ranking lies on that a relevant variable will not

be ranked as the least important variable even if the gradient estimate is rough. Af-

ter the irrelevant variables are removed one by one the gradient estimate becomes

better and better and the relevant features is ranked more and more accurate. The

feature selection by incorporating the gradient based ranking and RFE techniques

is abbreviated as GradRFE method in the sequel. We will show its effectiveness by

simulations in the Section 5.

4.2 Dimension reduction

The theoretical foundation for linear dimension reduction using eigen decomposi-

tion of gradient outer production matrix has been addressed in Section 2.2. When

the gradient is estimated by the kernel methods in Section 3, the gradient outer

product matrix is given by

Ĝ =
1
n

n∑

j=1

f̂λ(xj)f̂λ(xj)T =
1
n

(
c1, . . . , cn

)
K2

(
c1, . . . , cn

)T
. (9)

By the consistency of the gradient estimate there holds Ĝ → G as n increases.

This together with the perturbation theory for matrices implies the consistency of

the estimate of the d.r. subspace.

Proposition 11. Suppose the semiparametric model (5) holds. Let λ1 ≥ λ2 ≥
. . . ≥ λp ≥ 0 be the eigenvalues of Ĝ and β̂i be the corresponding eigenvectors.

Then λi → 0 if and only if i > d and

span(β̂1, . . . , β̂d) −→ span(β1, . . . , βd).
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Though the estimate of d.r. subspace by β̂i, i = 1, . . . , d converges asymp-

totically it may be rough with limited samples. As we have seen in Section 4.1

that the gradient estimate will be improved after some irrelevant variables are re-

moved. We expect the accuracy of estimate of d.r. subspace is also improved after

relevant feature subset selection. In this context gradient learning can be used for

simultaneous feature selection and dimension reduction.

5 Simulations

The effectiveness of the variable selection and dimension reduction based on kernel

gradient learning has been simulated on various artificial as well as real data sets

(Mukherjee and Zhou, 2006; Mukherjee and Wu, 2006; Mukherjee et al., 2006b).

Here we provide several more examples. The aim of these examples is to show the

power of incorporation of gradient ranking and RFE technique and the simultane-

ous feature selection and dimension reduction.

In kernel gradient learning algorithms there are three parameters: the weight

function, the kernel function, and the regularization parameter. Our experience is

that choice of the kernel function does not have big influence on the performance.

As for weight function, the Gaussian weight W (x) = exp(−‖x‖2
2s2 ) with s being the

median of pairwise distance of the sampling points xi usually provides acceptable

results (though maybe not optimal) when p > n or they are comparable. In case of

n À p one could choose a slightly smaller s. In our following simulations we do

not optimize these two parameters. The regularization parameter will chosen by

minimizing the cross validation error defined as

CV (λ) =
1
n

n∑

i,j=1

Wij

(
yi − yj − f̂\iλ (xj) · (xi − xj)

)2

in regression setting where f̂\iλ is the the solution of kernel gradient learning with

the i-th sample removed. For binary classification a similar cross validation error

criterion is used.
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variable x1 x2 x3 x4 x5

GradFS 48 100 100 100 100

GradRFE 100 100 100 100 100

Table 1: Frequencies of variables x1, x2, x3, x4, x5 ranked as the top 5 important

variables by GradFS and GradRFE in 100 repeats.

5.1 An artificial example

Let ρx be uniform on [0, 1]p and

y = (x1 − 0.5)2 + x2 + x3 + x4 + x5 + ε

where ε ∼ 0.05N(0, 1) and N denotes normal distribution. It was pointed out

in Turlach (2004) that LARS and LASSO miss the first variable x1 though it is

relevant. This coincides our discussion in Section 2 for E[(y − ȳ)(x1 − x̄1) =

E[y(x1 − 0.5)] = 0.

In our experiments we take p = 20, n = 100, and a quadratic kernel K(x,u) =

(1 + x · u)2 is used. The experiments are repeated 100 times. We reported the fre-

quencies of x1, x2, x3, x4, x5 selected by the top 5 important variables by gradi-

ent feature selection and gradient RFE in Table 5.1. In the experiments we noticed

that x2, x3, x4, x5 are always ranked correctly as the top 4 important variables by

GradFS showing they are easy to be selected. Theoretically the variable x1 should

be ranked as the fifth important variable. In our simulations it is correctly ranked

48 times in 100 repeats without using RFE technique and all 100 times using RFE

technique. This shows that gradient has the ability to identify the nonlinear linear

features. Moreover, with limited samples and high dimensions the gradient esti-

mate is rough and the ranking is unstable, while RFE technique can help reduce

such instability.

We next study the performance of dimension reduction based on eigen decom-

position of the gradient outer product matrix. The d.r. subspace S is spanned by

β1 = (1, 0, . . . , 0)T and β2 = (0, 0.5, 0.5, 0.5, 0.5, 0, . . . , 0)T . We measure
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the accuracy of the estimated d.r. space Ŝ = span(β̂1, β̂2) by

accuracy(Ŝ) =
1
2

(
‖PS(β̂1)‖2 + ‖PS(β̂2)‖2

)
.

In Figure 5.1 we report the mean accuracy of 100 repeats for different selected

feature subset. The result shows that when there are irrelevant variables, dimen-

sion reduction after feature subset selection performs much better than that without

feature subset selection.

We applied several state-of-the-art dimension reduction methods in statistical

literature to this example for comparison (results not shown). It turns out that

SIR misses β1 and PHD misses β2. MAVE performs slightly better than eigen

decomposition of the gradient outer product matrix without feature selection but

still much worse than that after feature subset selection.

5.2 Application to gene expression data

One problem domain where high-dimensions are ubiquitous is the analysis and

classification of gene expression data. In Mukherjee and Zhou (2006); Mukherjee

and Wu (2006) the feature selection based on gradient estimates are used to the dis-

crimination of acute myeloid leukemia (AML) from acute lymphoblastic leukemia

(ALL) using expression data (Golub et al., 1999). Since this data is well linearly

separable, GradFS works very well and RFE does not help a lot.

Here we consider another gene expression data: the classification of prostate

cancer (Singh et al., 2002). In this data the number of genes is p = 12600. The
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training data contains n = 102 samples, 52 tumor samples and 50 non-tumor sam-

ples. The test data is an independent data set and contains 34 samples from a differ-

ent experiment. We preprocess the data as follows: (i) Since the overall microarray

intensities in the training set and the test set have nearly ten fold differences, we

multiply a constant to the test data so that the medians of the microarray intensities

of both sets are the same. (ii) We restrict the microarray intensity between 1 and

5000 and (iii) take the log transformation. Then we apply GradFS and GradRFE

to the training data and rank the features. The prediction is made by linear support

vector machine classifier. The performance is measured by both the leave one out

(LOO) error over the training set and the classification error for the test set. The

result is reported in Tables 5.2. We see that GradRFE is more efficient and stable

than GradFS. By GradRFE the top 16 genes provides the classification accuracies

100% and 94% for training data and test data respectively. Recall that if the genes

are ranked using the variation of signal-to-noise metric (Golub et al., 1999) the

accuracies by using the top 16 genes are 90% and 86% respectively (Singh et al.,

2002). This verifies the superiority of gradient based variable ranking and RFE

technique for this data set.

6 Conclusions and discussions

We reviewed the kernel gradient learning algorithms proposed in Mukherjee and

Zhou (2006); Mukherjee and Wu (2006) and discussed their applications in feature

subset selection and dimension reduction. For feature subset selection, this is done

in a nonlinear framework. The gradient estimate is showed to be able to retrieve

the variables that are missed by linear methods. When only limited samples are

available and the gradient estimate is rough, recursive feature elimination helps to

improve the accuracy of variable ranking and feature selection. For dimension

reduction the gradient method is asymptotically consistent and non-degenerate.

Simultaneous dimension reduction and feature selection may provide much better

estimates of the d.r. subspace when there are irrelevant variables.

Among these discussions three facts have not been noticed and fully addressed
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number of genes
GradRFE GradFS

LOO error Test error LOO error Test error

1 14/ 102 1 / 34 21 / 102 13 / 34

2 11 / 102 1 / 34 15 / 102 8 / 34

4 6 / 102 1 / 34 11 / 102 6 / 34

8 3 / 102 2 / 34 2 / 102 1 / 34

16 0 / 102 2 / 34 8 / 102 2 / 34

32 0 / 102 2 / 34 4 / 102 4 / 34

64 0 / 102 3 / 34 3 / 102 4 / 34

128 1 / 102 4 / 34 2 / 102 5 / 34

256 1 / 102 3 / 34 2 / 102 4 / 34

512 1 / 102 4 / 34 2 / 102 7 / 34

1024 0 / 102 7 / 34 1 / 102 7 / 34

2048 1 / 102 6 / 34 0 / 102 6 / 34

4096 2 / 102 5 / 34 0 / 102 6 / 34

8192 5 / 102 5 / 34 5 / 102 5 / 34

16000 9 / 102 5 / 34 9 / 102 5 / 34

Table 2: Classification error for prostate cancer data by linear SVM classifier after

feature subsection using GradFS and GradRFE.
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in Mukherjee and Zhou (2006); Mukherjee and Wu (2006). Firstly, feature subset

selection by learning gradient has a more solid foundation in the framework of

nonlinear models. Secondly, the sparsity allows the gradient algorithm to be solved

more efficiently and makes it applicable to problems with moderate sample size.

Lastly, the incorporating of RFE technique can greatly improve the accuracy of the

feature ranking.

An important issue that has not been well studied for gradient feature selection

is the determination of the number of relevant features. In applications when fea-

ture subset selection is used as preprocess, this can be done by incorporating the

inference step. However, it should be interesting to develop a criterion to determine

the number of relevant features independently.

Several extensions have been proposed recently. In Cai and Ye (2008) the lasso

type regularization is introduced to the kernel gradient learning that estimate the

gradient ∇f∗ by

f̂λ = arg min
f∈H p

K

(
En(f) + λ

p∑

i=1

‖fi‖K

)
.

Its advantage is automatically selection of feature subset. The other extension is

given in Ying and Campbell (2008) where the vector valued kernels are introduced

to the kernel gradient learning. Recall that the f̂λ 6= ∇ĝλ in classification setting.

But suitable choice of vector valued kernels ensures f̂λ = ∇ĝλ. This is of great

mathematical interest though it usually does not improve the performance of fea-

ture selection and dimension reduction in applications. When a large number of

samples are available, the linear system or optimization of the gradient learning

algorithms becomes difficult. To overcome this difficulty, online gradient learn-

ing algorithms by a gradient descent method were proposed in Dong and Zhou

(2008); Cai et al. (2008). They are computationally efficient and has comparable

asymptotic convergence rates.
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